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SIMPLE JORDAN CONFORMAL SUPERALGEBRAS
VICTOR G. KAC AND ALEXANDER RETAKH
Abstract. We classify simple finite Jordan conformal superalgebras and also
establish preliminary results for the classification of simple finite Jordan pseu-
doalgebras.
Introduction
Lie conformal superalgebras first appeared as algebraic structures that encode
the singular part of the operator product expansion in two-dimensional conformal
field theory. Their generalization, the Lie pseudoalgebras, are closely connected to
the Hamiltonian formalism in the theory of nonlinear evolutionary equations [1].
The conformal superalgebra (and more generally pseudoalgebra) formalism is
also useful in dealing with other varieties of algebras. In the present paper we clas-
sify simple Jordan conformal superalgebras and also establish preliminary results
for the classification of simple Jordan pseudoalgebras.
It was shown in [11] that simple finite Jordan conformal algebras must be current
conformal algebras; this result was later extended to (non-super)pseudoalgebras in
[10]. Both papers utilize the Tits–Kantor–Koecher (TKK) construction and rely
on the previously known classification of Lie pseudoalgebras, with [10] defining the
TKK construction directly for pseudoalgebras.
The world of Jordan conformal superalgebras is more complex. Apart from the
current superalgebras, we have one more series of superalgebras (related to Lie
conformal superalgebras of contact type) and two exceptional superalgebras. Here,
to work directly in the category of pseudoalgebras, i.e. to use the pseudoalgebraic
analog of the TKK construction, we would need to classify all possible short grad-
ings of finite type simple pseudoalgebras, but the classification of the latter has
not been done. Instead, we take a shortcut and operate mostly on the level of
annihilation algebras, whose classification can be reduced to that of simple linearly
compact Jordan superalgebras, classified in [3]. As such we need only to relate the
automorhisms and derivations of linerly compact Jordan superalgebras to those of
their TKK envelopes.
We begin by estalishing preliminaries on Jordan algebras in Section 1. In Sec-
tion 2, we define pseudolalgebras and, specifically, conformal superalgebras and
explicitly construct examples of simple finite Jordan conformal superalgebras. Fi-
nally, in Section 3 we determine all possible annihilation algebras of simple finite
Jordan pseudoalgebras and from this derive the classification of simple finite Jor-
dan conformal superalgebras by showing that the list of examples, constructed in
Section 2, is complete. The general case of Jordan pseudoalgebras will be treated
elsewhere.
Throughout the paper the base field F is algebraically closed of characteristic 0.
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1. Preliminaries: Jordan superalgebras
1.1. Superalgebras. Recall that a Z/2Z-graded space V = V0¯ ⊕ V1¯ is called a
superspace. A superalgebra is an algebra whose underlying space is a superspace.
For a homogeneous element v ∈ Vi¯, we denote by |v| its parity, i.e. |v| = i¯.
Below, every superalgebra identity is assumed to involve only homogeneous ele-
ments.
1.2. Linearly compact superalgebras. Recall that a topological vector space or
superspace is linearly compact if it is isomorphic to a topological product of finite-
dimensional vector spaces endowed with discrete topology. A topological algebra is
linearly compact if its underlying vector space is linearly compact.
In particular, let A be an algebra with a decreasing filtration A = Ak ⊃ Ak−1 ⊃
. . . such that dimAi/Ai−1 <∞ for all i. Then the system of fundamental neighbor-
hoods {Ai} defines a topology on A. The completion of A in this topology is a lin-
early compact algebra. For example, the superalgebra ∧(m,n) = ∧(n)[[x1, . . . , xm]]
is linearly compact. Here and further ∧(n) denotes the Grassmann algebra in n
(anticommuting) indeterminates.
1.3. Jordan superalgebras. A Jordan superalgebra J is an F-superalgebra such
that for every homogeneous a, b, c, d ∈ J , the product ◦ satisfies
a ◦ b = (−1)|a||b|b ◦ a (commutativity)
(−1)|a||c|(a ◦ b) ◦ (c ◦ d) + (−1)|a||b|(b ◦ c) ◦ (a ◦ d)
+ (−1)|b||c|(c ◦ a) ◦ (b ◦ d) = (−1)|a||c|a ◦ ((b ◦ c) ◦ d)
+ (−1)|a||b|b ◦ ((c ◦ a) ◦ d) + (−1)|b||c|c ◦ ((a ◦ b) ◦ d).
(linearized Jordan identity)
1.4. KKM doubles. With few exceptions (see below) linearly compact simple
Jordan superalgebras can be constructed from generalized Poisson superalgebras.
A generalized Poisson superalgebra A is a vector superspace endowed with an as-
sociative commutative product (a, b) 7→ ab and a Lie superalgebra bracket (a, b) 7→
{a, b} such that
{a, bc} = {a, b}c+ (−1)|a||b|b{a, c} −D(a)bc
for some even derivation D.
Let A be a commutative associative superalgebra with a (possibly zero) even
derivation D. A Jordan bracket on A is a bilinear operation { , } : A⊗A→ A such
that
(i) {a, b} = −(−1)|a||b|{b, a};
(ii) {a, bc} = {a, b}c+ (−1)|a||b|b{a, c} −D(a)bc;
(iii) {{a, b}c}+(−1)|a||b|+|a||c|{{b, c}, a}+(−1)|a||c|+|b||c|{{c, a}, b} = −{a, b}D(c)+
(−1)|a||b|+|a||c|{b, c}D(a) + (−1)|a||c|+|b||c|{c, a}D(b).
Clearly D(a) = {a, 1}. When D ≡ 0, we get an ordinary Possion bracket.
Lemma 1.1. [3] Let A be a generalized Poisson superalgebra. Then the bracket
{a, b}D = {a, b}+
1
2
(aD(b)−D(a)b)
is Jordan with respect to the derivation D/2.
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Let A be a generalized Poisson superalgebra and consider the vector superspace
K(A) = A⊕Aθ, where θ is a formal variable with parity 1¯. Introduce the following
product ◦ on K(A):
a◦b = ab; a◦(bθ) = (ab)θ; (aθ)◦b = (−1)|b|(ab)θ; (aθ)◦(bθ) = (−1)|b|{a, b}D.
The superalgebra (K(A), ◦) is Jordan. It is called the Kantor–King–McCrimmon
(KKM) double.
Lemma 1.2. [9] Let A be a unital generalized Poisson superalgebra. Then K(A)
is simple iff A is simple.
Let A be a unital generalized Poisson superalgebra. Let ∂ be a derivation of
A that commutes with D. Then ∂ can be extended to K(A) by putting ∂(aθ) =
(∂a)θ. This is clearly a derivation of the superalgebra K(A). Another example of
a derivation of K(A) is the derivation ∂θ defined as
(1.1) ∂θ(A) = 0 and ∂θ(θ) = 1.
More generally, DerK(A) contains a subalgebra A∂θ. Therefore, we conclude that
DerK(A) contains a subalgebra isomorphic to DerA⋊A.
In principle, even the KKM double of a (non-generalized) Poisson algebra can
possess derivations not in DerA⋊A as the following example demonstrates.
Example 1.3. Let A = F⊕ Fξ, {ξ, ξ} = 1, where ξ is odd. A direct computation
shows that DerA contains no even derivations. However, DerK(A) has a derivation
δ such that δ(θ) = θ, δ(ξ) = −ξ.
We see that the relation between DerK(A) and DerA is quite complicated and
computing DerK(A) should not be attempted through simply lifting DerA to the
KKM double. For another approach, see Corollary 1.8.
1.5. Examples of KKM doubles. Consider the commutative associative su-
peralgebra ∧(m,n) with odd indeterminates ξ1, . . . , ξn and even indeterminates
p1, . . . , pk, q1, . . . , qk for m = 2k and p1, . . . , pk, q1, . . . , qk, t for m = 2k + 1.
In the case m = 2k, ∧(m,n) carries the Poisson bracket
(1.2)
{f, g} =
k∑
i=1
(
∂f
∂pi
∂g
∂qi
−
∂f
∂qi
∂g
∂pi
)
+(−1)|f |
(
n−2∑
i=1
∂f
∂ξi
∂g
∂ξi
+
∂f
∂ξn−1
∂g
∂ξn
+
∂f
∂ξn
∂g
∂ξn−1
)
,
and in the case m = 2k + 1, the generalized Poisson bracket
(1.3) {f, g} = (2 − E)f
∂g
∂t
−
∂f
∂t
(2− E)g+
k∑
i=1
(
∂f
∂pi
∂g
∂qi
−
∂f
∂qi
∂g
∂pi
)
+ (−1)|f |
(
n−2∑
i=1
∂f
∂ξi
∂g
∂ξi
+
∂f
∂ξn−1
∂g
∂ξn
+
∂f
∂ξn
∂g
∂ξn−1
)
,
where E is the Euler operator
E =
k∑
i=1
(
pi
∂
∂pi
+ qi
∂
∂qi
)
+
n∑
i=1
ξi
∂
∂ξi
.
In both cases, we denote the resulting (generalized) Poisson superalgebra as
P (m,n). Its KKM double is the Jordan superalgebra, denoted by J(m,n). Clearly,
J(m,n) is linearly compact.
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For our purposes, we need to compute Der J(m,n). However, using the KKM
double construction to relate Der J(m,n) to DerP (m,n) is difficult (see the discus-
sion above). We therefore delay this computation and derive it from Theorem 1.7
below.
Remark 1.4. With respect to the bracket { , }, P (m,n) can be considered as a
Lie superalgebra. For m even, it has a one-dimensional center. Let H ′(m,n) =
P (m,n)/F1, and let H(m,n) = [H ′(m,n), H ′(m,n)]. H(m,n) is a simple Lie
superalgebra.
For m odd, P (m,n) is a simple Lie superalgebra itself. To separate the Poisson
and Lie context, we denote it as K(m,n).
For a discussion of H(m,n) and K(m,n), see [8].
1.6. One other example. Consider the commutative associative superalgebra
∧(1, 1) with a derivation D = ∂
∂ξ
+ ξ ∂
∂t
. Denote by ∨ the space ∧(1, 1) with
reversed parity. Define the product ◦ on ∨ as a ◦ b = aD(b) + (−1)|b|D(a)b. This
makes ∨ into a Jordan superalgebra that we denote JS(1, 1). For future use, we
remark that JS(1, 1) also inherits the topology of ∧(1, 1).
Lemma 1.5. The set of even surjective derivations of JS(1, 1) is F ∂
∂t
.
Proof. Let ∂ be a surjective derivation. Since JS(1, 1)0¯ ≃ F[ξt], the restriction of ∂
to JS(1, 1)0¯ is proportional to
∂
∂t
.
Because ξtk ◦ t0 = tk and JS(1, 1)1¯ is spanned by the powers of t, JS(1, 1)1¯ =
JS(1, 1)0¯ ◦ t
0. The action of ∂ on JS(1, 1) is thus completely determined by its
restriction to JS(1, 1)0¯ and ∂(t
0). By computing ∂(t1 ◦ t0), we see that ∂(t0) must
be zero for any ∂. 
We postpone the discussion of one other Jordan superalgebra, JCK(1, 4), until
Example 2.9.
1.7. TKK construction. A Lie superalgebra L possesses a short grading if L =
L−1⊕L0⊕L1. If L contains an sl2-triple {f, e, h} such that f ∈ L−1, h ∈ L0, e ∈ L1,
the copy of sl2(F) spanned by this triple is called a short subalgebra.
Existence of a short subalgebra assures that L−1 possesses the structure of a
Jordan superalgebra. Specifically, a ◦ b is defined as [[a, e], b].
For every unital Jordan superalgebra J there exists a Lie superalgebra L(J) with
short grading such that L(J)−1 ≃ J . The specific construction of L(J) (the Tits–
Kantor–Koecher or TKK construction) can be found in [7] (see also [3]). The TKK
construction can be also extended to non-unital Jordan algebras by adjoining the
identity first and then considering the Lie algebra L(J ⊕ F).
Example 1.6. [3] For the Jordan superalgebras J(m,n),
L(J(m,n)) =
{
H(m,n+ 3), m even,
K(m,n+ 3), m odd.
The corresponding short subalgebra is spanned by the sl2-triples
ξn+1ξn+2, ξn+2ξn+3, ξn+1ξn+3, m even,
ξn+1ξn+2, ξn+3ξn+2, ξn+1ξn+3, m odd.
Specifically, the embedding J(m,n)→ L(J(m,n)) is given by
(1.4) a+ bθ 7→ (aξn+1 + b)ξn+3, a, b ∈ ∧(m,n).
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Statements collected as Theorem 1.7(a)-(e) can be found in or easily deduced
from [7, Sections VII.5-6]. Part (f) follows directly from the definitions.
Theorem 1.7. Let J be a Jordan superalgebra and L(J) the corresponding Lie
superalgebra obtained via the TKK construction. Then
(a) every ideal of L(J) is graded with respect to the standard short grading;
(b) J is simple iff L(J) is simple;
(c) the action of Der J extends to L(J);
(d) for J unital, DerJ = {φ |φ ∈ DerL(J), φ|sl2 = 0}.
(e) J is differentiably simple iff L(J) differentiably simple;
(f) J is linearly compact iff L(J) is linearly compact.
We are going to apply Theorem 1.7(d) to compute Der J(m,n). Recall that
DerK(m,n) = K(m,n) and DerH(m,n) = CH(m,n), provided that m ≥ 1 [2,
Proposition 1.8]. Here
CH(m,n) = H(m,n)⊕ F
(
2
k∑
i=1
(
pi
∂
∂pi
+ qi
∂
∂qi
)
+
n∑
i=1
ξi
∂
∂ξi
)
.
In the cases of m even, respectively odd, we need to calculate which elements of
CH(m,n+ 3), respectively K(m,n+ 3), act trivially on the triple T = (ξn+1ξn+2,
ξn+2ξn+3, ξn+1ξn+3). Consider an element D of H(m,n), respectively K(m,n),
D = a+bξn+1+cξn+2+dξn+3+eξn+1ξn+2+fξn+1ξn+3+gξn+2ξn+3+hξn+1ξn+2ξn+3,
where a, b, c, d, e, f, g, h ∈ K(m,n), respectively H(m,n). A direct computation
utilizing (1.3) and (1.2) shows that if adD kills T , D = a+ hξn+1ξn+2ξn+3. Note
that ξn+1ξn+2ξn+3 = ∂θ, where ∂θ is defined as in (1.1). When m is even, the
central element of CH(m,n) also acts trivially on the short subalgebra.
Recall that the superalgebra J(m,n) is the KKM double of the (generalized)
Poisson algebra P (m,n). We thus have the following
Corollary 1.8. For the Jordan superalgebras J(m,n), m 6= 0,
Der J(m,n) =
{
CH(m,n)⊕ P (m,n)∂θ, m even,
K(m,n)⊕ P (m,n)∂θ, m odd.
The particular embedding (1.4) of J(m,n) into its TKK Lie superalgebraL(J(m,n))
as well as the description of Der J(m,n) ⊂ DerL(J(m,n)) above imply DerK(P (m,n)) =
DerP (m,n)⋊ P (m,n).
2. Preliminaries: Pseudoalgebras
2.1. Main definitions. Let H be a cocommutative Hopf F-algebra. Recall that
H⊗H is a right H-module with an action (a⊗b)c = ac(1)⊗bc(2), where c(1)⊗c(2) =
∆(c) in Sweedler’s notation. (As usual, ⊗ stands for ⊗F.)
An H-pseudoalgebra R is a left H-module with an operation
∗ : R⊗R→ (H ⊗H)⊗H R
such that for a, b ∈ R and f, g ∈ H ,
fa ∗ gb = ((f ⊗ g)⊗H 1)(a ∗ b) (bilinearity).
For a general discussion of pseudoalgebras, see [1, Chapter 3].
Pseudoproducts of m elements of R live in H⊗m ⊗H R with the action of H
on H⊗m defined in accordance with the bracketing scheme. For example, (a ∗ b) ∗
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c =
∑
i,j(fifij(1) ⊗ gifij(2) ⊗ gij) ⊗H eij , where a ∗ b =
∑
i(fi ⊗ gi) ⊗H ei and
ei ∗ c =
∑
i,j(fij ⊗ gij)⊗H eij .
We call an H-pseudoalgebra finite if it is of finite rank as an H-module.
From this point on, we will always assume that the underlying H-module of a
pseudoalgebra is a superspace, i.e. that R = R0¯ ⊕ R1¯, where both R0¯ and R1¯ are
preserved by H .
Example 2.1. A conformal superalgebra R [6] is a pseudoalgebra over the Hopf
algebra H = F[∂]. A pseudoproduct in a conformal superalgebra has the form
a ∗ b =
∑
(∂i ⊗ ∂j) ⊗H cij . Using the comultiplication action of H on H ⊗H , the
above product can always be rewritten as a ∗ b =
∑(
(−∂)k ⊗ 1
)
⊗H ck. In such
formulation the collection {ck} is unique, thus a ∗ b can be viewed as an element of
H ⊗R.
Let λ = −∂ ⊗ 1 and define aλb =
∑
λkck ∈ F[λ]⊗R ≃ H ⊗R.
This allows for a definition of a conformal superalgebra independent of the pseu-
doalgebra formalism: a conformal superalgebraR is a F[∂]-module with a λ-product
aλb ∈ F[λ]⊗R such that
(∂a)λb = −λaλb, aλ(∂b) = (λ+ ∂)aλb.
Every conformal algebra can be constructed as an algebra of formal distributions
over an ordinary algebra. Namely, let A be an algebra. Introduce the λ-product on
the set A[[z, z−1]] of formal distributions: a(z)λb(z) = Res|w=0a(z)b(w)e
(λ(z−w)).
The subset of formal distributions whose λ-products are polynomial in λ form a
conformal algebra.
As with ordinary algebras, one can consider varieties of pseudoalgebras defined
by identities. Introduce the following identities for pseudoalgebras:
a ∗ b = (−1)|a||b|((12)⊗H Id)(b ⊗ a), (commutativity)
a ∗ b = −(−1)|a||b|((12)⊗H Id)(b⊗ a), (anti-commutativity)
(a ∗ b) ∗ c = a ∗ (b ∗ c), (associativity)
a ∗ (b ∗ c) = (a ∗ b) ∗ c+ (−1)|a||b|((12)⊗ Id)(b ∗ (a ∗ c)), (Jacobi identity)
(−1)|a||c|(a ∗ b) ∗ (c ∗ d) + (−1)|a||b|((123)⊗H Id)((b ∗ c) ∗ (a ∗ d))
+ (−1)|b||c|((132)⊗H Id)((c ∗ a) ∗ (b ∗ d))
= (−1)|a||c|a ∗ ((b ∗ c) ∗ d) + (−1)|a||b|((123)⊗H Id)(b ∗ ((c ∗ a) ∗ d))
+ (−1)|b||c|((132)⊗H Id)(c ∗ ((a ∗ b) ∗ d))). (Jordan identity)
Here (ij) and (ijk) denote cyclic permutations of respective components of H⊗m.
A pseudoalgebra is associative if it satisfies the associativity identity, Lie if it
satisfies the anti-commutativity and Jacobi identity, Jordan if it satisfies the com-
mutativity and Jordan identity, etc.
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For the λ-product in conformal algebras, the above identities become
aλb = (−1)
|a||b|b−∂−λa, (commutativity)
aλb = −(−1)
|a||b|b−∂−λa, (anti-commutativity)
aλ(bµc) = (aλb)λ+µc, (associativity)
aλ(bµc) = (aλb)λ+µc+ (−1)
|b||c|bµ(aλc), (Jacobi identity)
(−1)|a||c|aλ((bµc)νd) + (−1)
|a||b|bµ((cν−λa)λ+νd)
+ (−1)|b||c|cν−µ((a−µ−∂b)λ+νd)
= (−1)|a||c|(a−µ−∂b)λ+µ(cν−µd) + (−1)
|a||b|(bµc)ν(aλ+νd)
+ (−1)|b||c|(cν−µa)λ+ν−µ(bµd). (Jordan identity)
Example 2.2. Let a be an F-superalgebra. Then H ⊗ a is an H-pseudoalgebra
with the pseudoproduct defined by
(1⊗ a) ∗ (1⊗ b) = (1 ⊗ 1)⊗H (ab), a, b ∈ a
and extended to all of H ⊗ a by bilinearity. H⊗ a is called a current pseudoalgebra
and is denoted Cur a.
In the conformal setting, the current conformal superalgebra over a is F[∂]⊗F a
with aλb = ab for a, b ∈ a.
More generally, consider a Hopf subalgebra H ′ of H and an H ′-pseudoalgebra
A. Then H ⊗H′ A can be endowed with an H-pseudoproduct
(1⊗H′ a) ∗ (1⊗H′ b) = ((1⊗ 1)⊗H 1) (a ∗ b), a, b ∈ A
extended to all of H⊗H′A by bilinearity. The H-pseudoalgebraH⊗H′A is denoted
CurHH′ A.
A subalgebra I of a pseudoalgebra R is an ideal if a∗b ∈ (H⊗H)⊗H I whenever
a ∈ I or b ∈ I. A pseudoalgebra is simple if it has no nontrivial proper ideals.
Other algebraic concepts can be as easily carried to the pseudoalgebra setting, see
[1] for details.
A cocommutative Hopf algebra is always isomorphic to a smash product of a
group algebra and a universal enveloping algebra of some Lie algebra d: H ≃
U(d)♯F(Γ). When Γ is finite, the theory of H-pseudoalgebras is essentially that of
U(d)-pseudoalgebras with a Γ-action [1, Corollary 5.1]. Thus we will concentrate
on the case of H = U(d), where d is a finite-dimensional Lie algebra.
2.2. Annihilation algebras. Let H be a cocommutative Hopf algebra. The dual
algebra H∗ = HomF(H,F) carries the structure of a left and right H-module:
〈hx, f〉 = 〈x, S(h)f〉, 〈xh, f〉 = 〈x, fS(h)〉 for h, f ∈ H,x ∈ H∗.
Let R be an H-pseudoalgebra. Consider the space A(R) = H∗⊗HR. A(R) inherits
the left H-module structure from H∗,
h(x⊗H a) = (hx)⊗H a,
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and has a natural product
(x⊗H a)(y ⊗H b) =
∑
i
(xfi)(ygi)⊗H ei,
where a ∗ b =
∑
i
(fi ⊗ gi)⊗H ei.
Moreover, if R is an associative, Lie, or Jordan pseudoalgebra, then A(R) is,
respectively, an associative, Lie, or Jordan superalgebra.
A(R) is called the annihilation algebra of R.
Example 2.3. A(Cur a) = H∗ ⊗ a. More generally, A(CurHH′ A) = H
∗ ⊗H′ A.
Lemma 2.4. Let J be a simple Jordan pseudoalgebra. Then A(J) contains no
H-stable ideals.
Proof. See the proof of [1, Proposition 3.13]. 
We also remark that for a finite pseudoalgebra J , A(J) is linearly compact by
construction.
2.3. TKK construction for pseudoalgebras. Similarly to Jordan superalge-
bras, finite Jordan pseudoalgebrs can be embedded into short-graded Lie pseudoal-
gebras. Specifically, let J be a finite Jordan pseudoalgebra. Then there exists a Lie
pseudoalgebra L = L−1 ⊕ L0 ⊕ L1 such that L−1 ≃ J as H-modules.
The construction of L(J) is given in [10, Section 4] in the non-super case and can
easily be extended to the superalgebras. In this paper, however, we do not require
the specifics of the pseudoalgebra TKK construction and thus omit the details.
Namely, given a finite Jordan pseudoalgebra J , we have
J
TKK
−−−−−−−−−−−−→ L(J)
annihilation
y yannihilation
A(J)
TKK
−−−−→ L(A(J)) ≃ A(L(J))
.
The canonical isomorphism in the lower right corner of the diagram follows from
commutativity of the TKK and A functors, which preserve, respectively, the H-
action and the short grading.
To classify simple finite Jordan pseudoalgebras one should start with either the
classification of their annihilation algebras or their Lie pseudoalgebra counterparts
(respectively, go up from the bottom left or left from the top right corners of the
diagram). We utilize the former approach because the list of potential annihilation
algebras exists already [3], whereas all simple Lie pseudoalgebras are unknown at
the moment. Note that in the non-super case it was possible to use the classifica-
tion of simple Lie non-super pseudolagebras L(J) (i.e. move along the top row of
the diagram) [10]. Both approaches ultimately rely on our understanding of lin-
erly compact Lie superalgebras and their derivations (the lower right corner of the
diagram).
2.4. Reconstruction. Given a linearly compact superalgebra J with an action
of d, one wishes to find all corresponding pseudolagebras J such that A(J) = J .
This is known as a reconstruction problem. The reconstruction is straightforward
for one-dimensional d (i.e. for conformal superalgebras) but is more complicated in
higher dimensions. Here we concentrate on the case of conformal superalgebras.
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Lemma 2.5. Let J be a Jordan conformal superalgebra. Then TorF[∂] J is an ideal
of J .
Proof. [5] Let a ∈ TorJ , i.e. such that p(∂)a = 0 for some p(∂) ∈ F[∂]. For any
b ∈ J , 0 = (p(∂)a)λ b = p(−λ)(aλb), hence aλb = 0. 
It follows that a simple Jordan conformal algebra is torsion-free, hence free as a
F[∂]-module.
Corollary 2.6. A simple finite Jordan conformal superalgebra J is uniquely deter-
mined by its annihilation algebra A(J) and the F[∂]-action on A(J).
Proof. Follows directly from [5, Proposition 5.1]. 
2.5. Conformal algebras from KKM doubles. Consider the Jordan super-
algebra J(1, n) = ∧(1, n) ⊕ ∧(1, n)θ. For every a ∈ ∧(n), consider the formal
distributions
a+ =
∑
n∈Z
(atn)z−n−1 and a− =
∑
n∈Z
(atnθ)z−n−1.
Let a and b be homogeneous elements of ∧(n) of degrees r and s, respectively. We
have the following λ-products:
a+λb
± = (ab)±
a−λb
+ = (−1)s(ab)−
a−λb
− = (−1)s

(r − 1)∂(ab)+ + (−1)r
(
n−2∑
i=1
∂ia∂ib+ ∂n−1a∂nb + ∂na∂n−1b
)+
+ λ(r + s− 2)(ab)+
)
.
Thus the formal distributions above span a conformal algebra. We denote it as Jn.
Remark 2.7. The last formula above is consistent with the λ-bracket for the con-
formal algebra Kn [6, Example 3.8] (modulo the different ways of writing brackets
for K(1, n) here and in [6]).
2.6. Further examples of pseudoalgebras. We present here two conformal su-
peralgebras (i.e. pseudoalgebras over F[∂]) whose annihilation algebras are the
exceptional conformal superalgebras JS(1, 1) and JCK(1, 4).
Example 2.8. The conformal superalgebra JS1 is freely spanned over F[∂] by an
even element S and an odd element T such that
SλS = 2S, TλT = (∂ + 2λ)S, TλS = T.
The annihilation algebra of JS1 is JS(1, 1) with the surjective derivation
∂
∂t
. Writ-
ten in the form of formal distributions S and T are S =
∑
(ξtn)z−n−1 and T =∑
tnz−n−1 (with reversed parities).
Example 2.9. The conformal superalgebra JCK4 is freely spanned over F[∂] by
four even and four odd elements. Its annihilation algebra is the exceptional Jordan
superalgebra JCK(1, 4) whose TKK Lie algebra is E(1, 6) ⊂ K(1, 6).
Below we explicitly describe embeddings of JCK4 into Lie conformal superalge-
bras K6 and CK6 and the Jordan conformal superalgebra J3.
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Consider the Lie conformal superalgebraK6 with the annihilation algebraK(1, 6).
As a F[∂]-module, K6 is freely spanned by ∧(6). Introduce the following change
of basis in ∧(6): instead of odd indeterminates ξi, use ωi defined as ωi = ξi,
i = 1, . . . , 4, ω5 = ǫξ5 + αǫξ6, ω6 = αǫξ5 + ǫξ6, where α, ǫ ∈ F, α
2 = −1 and
ǫ2 = α/2. (This is essentially the basis used in [4].) The λ-bracket on K6 then
becomes
[aλb] =
((r
2
− 1
)
∂(ab) + (−1)r
1
2
6∑
i=1
δiaδib
)
+ λ
(
r + s
2
− 2
)
ab,
where a = ωi1 . . . ωir , b = ωj1 . . . ωjs , and δi = ∂/∂ωi.
K6 contains a simple subalgebra CK6 spanned over F[∂] by the elements
L = (−1 + α∂3ν)/2, aij = ωiωj + α∂(ωiωj)
∗,
bi = ωi − α∂
2(ωi)
∗, cijk = ωiωjωk + α(ωiωjωk)
∗,
where ν = ω1 . . . ω6 and a
∗ ∈ ∧(6) is a monomial in ωi’s such that aa
∗ = ν. The
Lie superalgebra E(1, 6) is the annihilation algebra of CK6. A short grading of
E(1, 6) gives rise to JCK(1, 4). Specifically, JCK(1, 4) is the −1-eigenspace of ξ6ξ5
or, equivalently, the −α-eigenspace of ω5ω6. Since the short grading is consistent
with the conformal structure, the −α eigenspace of adω5ω6 acting on CK6 is a
Jordan conformal superalgebra. We denote it JCK4.
JCK4 is spanned by even elements ai6 − αai5, i = 1, . . . , 4, and odd elements
b5 − αb6, c126 − c346, c136 + c246, c236 − c146. The λ-product in JCK4 is defined, as
in the TKK construction, via the bracket in K6:
aλb =
[
[aµ(ξ4ξ5)]λ b
]∣∣
µ=0
.
Recall that the embedding φ : E(1, 6) →֒ K(1, 6) respects the short grading
of both algebras with respect to the same short subalgebra. Restricting φ to the
−1st components, we obtain the embedding of JCK(1, 4) into J(1, 3). Just as for
CK6 and K6, this embedding passes to the level of conformal algebras, yielding
JCK4 →֒ J3. Specifically, recomputing the basis of JCK4 obtained above in terms
of ξi’s and taking into account (1.4), we see that JCK4 is a subalgebra of J3 spanned
over F[∂] by elements
ξ−i − ∂(ξ
∗
i )
+, 1+ + ∂ν−, ξ+i + (ξ
∗
i )
−, 1− − ∂2ν+,
where i = 1, 2, 3, ν = ξ1ξ2ξ3 and ξ
∗
i is a monomial in ξi’s such that ξiξ
∗
i = ν.
Since DerE(1, 6) ⊂ DerK(1, 6) and the TKK construction of JCK(1, 4) and
J(1, 3) utilize the same short subalgebra, Theorem 1.7(d) implies that Der JCK(1, 4) ⊂
DerJ(1, 3). By Corollary 1.8, DerJ(1, 3) = K(1, 3)⊕ P (1, 3)∂θ. Since ∂θ does not
preserve JCK(1, 4), we have the following
Corollary 2.10. Der JCK(1, 4) ⊂ K(1, 3).
3. Simple Jordan Pseudoalgebras
Throughout this section all pseudoalgebras and conformal superalgebras are as-
sumed to be finite.
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3.1. Annihilation algebra. The following two statements are slight extensions
of [1, Theorem 13.1] and rely heavily on its proof. By Or we denote the algebra
F[[t1, . . . , tr]] and d is always taken to be a finite-dimensional Lie algebra.
Proposition 3.1. If L is a finite simple Lie H = U(d)-pseudoalgebra, then as a
topological Lie superalgebra, A(L) is isomorphic to an irreducible central extension
of a current Lie superalgebra Or ⊗ s, where s is a simple linearly compact Lie
superalgebra of growth dim d− r.
Proof. It follows from the proof of [1, Theorem 13.1] and the super-version of the
Cartan–Guillemin theorem that A(L) is an irreducible central extension of Or ⊗
∧(m) ⊗ s, where s is a simple linearly compact Lie superalgebra. In order to
complete the proof along the lines of [1, Theorem 13.1], it remains to show that
m = 0. If m > 0, consider the ideal Or ⊗ ∧
′(m) ⊗ s (here ∧′(m) is the augmented
ideal of ∧(m)). It is regular: d acts by even derivations which have the form
D0⊗1+
∑
fi⊗Di, where D0 is an even derivation of Or⊗∧(m) and fi ∈ Or⊗∧(m)
[6, Proposition 2.12]. This contradicts simplicity of L. 
Proposition 3.2. If J is a finite simple Jordan H = U(d)-pseudoalgebra, then as
a topological Lie superalgebra, L(A(J)) is isomorphic to a current Lie superalgebra
Or ⊗ s, where s is a simple linearly compact Lie superalgebra of growth dim d− r.
Proof. Denote A(J) as J . It suffices to show that L(J ) is an irreducible central
extension of the superalgebra Or ⊗ s: since L(J )) is obtained via the TKK con-
struction, it must be centerless. Thus we will again follow closely the model of [1,
Theorem 13.1].
In order to replace A(L) with L = L(J ) in the proof of Proposition 3.1, we have
to demonstrate the following:
(i) d ⋉ L posesses an open subalgebra containing no ideals of d ⋉ L (this is an
analog of [1, Lemma 13.3]);
(ii) L/Z(L) contains no proper H-stable ideals;
(iii) a sufficiently high power of any nonzero element of d maps any given open
subspace of L surjectively onto L;
(iv) the action of d on L is transitive.
To demonstrate (i), note that just as in the proof of [1, Lemma 13.3], H(Ji) = J
for all i (here Ji is a component in the filtration of J induced from its construction
as an annihilation algebra). By the TKK construction this implies that for any
filtration component Li of L, HLi = L. Hence no Li contains an ideal of d⋉ L as
such ideals are necessarily H-stable.
(ii) is clear because L is in fact centerless, and any H-stable ideal of L gives rise
to an H-stable ideal of J . By Lemma 2.4 this contradicts simplicity of J .
For (iii), (iv), one can show as in the proof of [1, Theorem 13.1] that these
statements hold for J . The necessary arguments (some expressed in preceeding
lemmas) carry either verbatim or with minor modifications. Extension to L follows
from the TKK construction. 
We will denote the subalgebra of d acting by derivations on Or (and trivially on
s) by d′, H(d′) by H ′, and the dual of H ′ by X ′.
Theorem 3.3. Let J be a finite simple Jordan H = U(d)-pseudoalgebra. Then
A(J) is isomorphic to a current Jordan pseudoalgebra Or ⊗ j, where j is a simple
linearly compact Jordan superalgebra of growth dim d− r.
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Proof. By Proposition 3.2, L = L(A(J)) is isomorphic to the superalgebra Or ⊗ s.
By the TKK construction, L carries the short grading L = L−1⊕L0⊕L1 preserved
by the action of H .
Denote by O′r the augmentation ideal of Or. The ideal O
′
r ⊗ s of L is short-
graded, thus after factoring out we obtain a short grading on s, s = s−1 ⊕ s0 ⊕ s1.
Clearly si ⊂ Li, i.e. si = s ∩ Li (here Li is a component in the short grading,
not a filtration component). Moreover, by the TKK construction, s−1 is a linearly
compact simple Jordan superalgebra. Denote it by j.
Let a = x−1 ⊗ a−1 + x0 ⊗ a0 + x1 ⊗ a1 lie in L−1, ai ∈ si, xi ∈ X
′. Apply an
element h′ of H ′ such that h′(x0) = 1 to a and factor out O
′
r ⊗ s. It follows that
a0 ∈ L−1, i.e. a0 = 0. Similarly, a1 = 0. Thus a = x−1 ⊗ a−1.
Conversely, let a ∈ s−1 and x be a homogeneous elements of X
′. We are going
to show that a ⊗ x ∈ L−1 by induction on the total degree of x. Let a0 ∈ L0 and
a1 ∈ L1 be such that x⊗a+a0+a1L−1. By induction assumption, ∂a0+∂a1 ∈ L−1
for any ∂ ∈ d′. Thus, ∂ai = 0 and ai ∈ si. Modulo O
′
r ⊗ s, a0 + a1 lies in s−1, i.e.
a0 = a1 = 0.
Therefore, L−1 is isomorphic to Or ⊗ j as a vector space.
To show that this is an isomorphism of Jordan algebras, let a, b ∈ j, and let
e ∈ L1 be the element of the standard basis of the short subalgebra of L. Since
e =
∑
eα ⊗ xα, where eα ∈ s1, xα ∈ X
′, we have ab =
∑
[[a, eα], b]⊗ xα. Assume
that some xα are not constant, then there exists ∂ ∈ d
′ that does not kill all xα.
Thus ∂(ab) = 0. On the other hand, ∂ is a derivation of the Jordan algebra L−1 and
∂a = ∂b = 0, hence [[a, eα], b] = 0 unless xα ∈ F. It follows that the Jordan product
on L−1 can be restricted to j, and moreover, for a, b ∈ j, (x⊗ a)(y ⊗ b) = xy ⊗ ab.
To complete the proof, we remark that j has the same growth as s. 
Remark 3.4. It may be possible to prove Theorem 3.3 without the use of the TKK-
construction. The crucial part would be a Jordan analog of the Cartan–Guillemin
theorem and, then one should proceed along the lines of [1] as we do above.
Corollary 3.5 ([10, Proposition 5.1]). Let J be a simple finite Jordan non-super
pseudoalgebra. Then L(J) is isomorphic to a current Lie pseudoalgebra.
Proof. According to [3] a simple linearly compact Jordan (non-super) algebra is
necessarily finite-dimensional. Thus A(J) = Or ⊗ j. It follows that L(A(J)) =
Or ⊗ s, hence L(J) is current [1]. 
3.2. Reconstructing conformal superalgebras. Let J be a finite Jordan con-
formal superalgebra. By Corollary 2.6, J is completely determined by its annihi-
lation algebra A(J) together with the ∂-action on A(J). Thus the classification of
finite Jordan conformal superalgebras boils down to classifying their possible an-
nihilation subalgebras with the ∂-action. By Theorem 3.3, A(J) is either a simple
linearly compact Jordan superalgebra of linear growth or a current algebra over
a finite-dimensional Jordan superalgebra. The classification of linearly compact
Jordan superalgebras [3] implies the following
Proposition 3.6. Let J be a finite Jordan conformal superalgebra. Then A(J) is
isomorphic to one of the following superalgebras:
(1) J(1, n);
(2) JS(1, 1);
(3) JCK(1, 4);
SIMPLE JORDAN CONFORMAL SUPERALGEBRAS 13
(4) the algebra F[[t]]⊗F j, where j is a simple finite-dimensional Jordan super-
algebra.
It remains to describe all even surjective derivations in cases (1)–(4) (up to an
automorphism). Case (2) was essentially dealt with in Lemma 1.5.
Proposition 3.7. Let ∂ be an even surjective derivation of the Jordan superalgebra
F[[t]] ⊗ j, where j is a simple finite-dimensional Jordan superalgebra. Then by an
automorphism of F[[t]]⊗ j, ∂ can be conjugated to ∂
∂t
.
Proof. For brevity denote F[[t]] ⊗ j by J . It is well-known that ∂ = P (t) ∂
∂t
⊗ 1 +∑
tj ⊗ ∂j, ∂j ∈ Der j. If P (t) is not constant, then we get a surjective derivation on
a finite-dimensional Jordan superalgebra J /tJ which is impossible. Thus we may
assume that P (t) = c. Consider the automorphism exp(ad
∑
tj
j+1 ⊗ ∂j). Applied
to ∂, it produces a derivation of J with a higher degree in t. Since J is a linearly
compact algebra, by repeating this argument we obtain c ∂
∂t
in the limit. Then by
rescaling c = 1. 
The description of surjective derivations in cases (1) and (3) is similar to Propo-
sition 3.7. We will use the embedding of the Jordan algebra into its TKK algebra
and the description of even surjective derivations of K(1, n) and CK(1, 4) in [6].
Proposition 3.8. Let ∂ be an even surjective derivation of a Jordan superalgebra
J isomorphic to J(1, n) or JCK(1, 4). Then by an automorphism of J , ∂ can be
conjugated to ∂
∂t
.
Proof. According to Corollary 1.8 every derivation of J(1, n) has the form ∂ =
δ + a∂θ, where δ ∈ K(1, n) and a ∈ P (1, n) ⊂ J(1, n). Let ∂ be surjective. For
every b + cθ ∈ J , (δ + a∂θ)(b + cθ) = δ(b) + (−1)
|c|ac + δ(c)θ, thus we see that
P (1, n)θ = (Im δ)θ, i.e. δ is surjective. In the case of J = JCK(1, 4), ∂ = δ by
Corollary 2.10.
In both cases we will first conjugate δ to ∂
∂t
.
J is a linearly compact superalgebra, hence carries a descending filtration J =
J−q ⊃ . . .J 0 ⊃ J 1 ⊃ . . .. If δJ 0 ⊂ J 0 , then δJ 1 ⊂ J 1 and δ induces a surjective
derivation on a unital finite-dimensional Jordan algebra J 0/J 1. This is impossible,
hence δJ 0 6⊂ J 0
Let L = L(J ). The descending filtration of J induces the descending filtration
of L = L−q ⊃ . . .. Moreover, the extension of δ to L is such that δL0 6⊂ L0. By the
proof of [6, Theorem 5.11], δ = d ∂
∂t
+ ad g0, where d ∈ F is non-zero and g0 ∈ L
0.
Using an inner automorphism of L, we make δ = d ∂
∂t
and then, by rescaling, we
may assume d = 1. It remains to show that such an automorphism can be choses
from AutJ .
The specific construction of automorphism in [6, Proposition 2.13] is as follows:
let m be the maximal integer such that g0 ∈ L
m\Lm+1. Then for some lm+q ∈
Lm+q, ∂
∂t
lm+q = g0 (here d is the filtration’s depth). Applying exp(ad lm+q) to δ,
we obtain a derivation ∂
∂t
+terms in Lm+q. By repeating this argument, we obtain
∂
∂t
in the limit. Therefore, it suffices to show that we can always choose lm+q such
that ad lm+q is a derivation of J , i.e. that ad lm+q|sl2 = 0. Indeed, by the definition
of lm+q,
∂
∂t
ad lm+q(sl2) = 0. Since lm+q lies in L0, lm+q = Rv + T where Rv is
the right multiplication by v ∈ J , and T ∈ InderJ . By applying ∂
∂t
ad lm+q to
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the identity of J , it follows that ∂
∂t
v = 0. Hence, ∂
∂t
T = g0 and we may choose T
instead of lm+q.
This completes the proof in the case of J = JCK(1, 4). For J = J(1, n), we
obtained ∂ = ∂
∂t
+ a∂θ for some a ∈ P (1, n). Let
∫
a be an element of K(1, n) such
that ∂
∂t
(
∫
a) = a. A direct check shows that the map ψ of J that preserves K(1, n)
and sends θ to
∫
a − θ is an involutive automorphism. To complete the proof,
it suffices to check that ψ conjugates ∂ to ∂
∂t
: indeed, ψ preserves the equality
∂|K(1,n) =
∂
∂t
and (ψ∂ψ)(θ) = 0. 
Theorem 3.9. A simple finite Jordan conformal superalgebra is isomorphic to one
of the conformal superalgebras in the following list:
(1) Jn;
(2) JS1;
(3) JCK4;
(4) a current conformal superalgebra over a simple finite-dimensional Jordan
superalgebra.
Proof. Follows from Proposition 3.6 and, for specific cases, Lemma 1.5 and Propo-
sitions 3.7 and 3.8. 
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